Two closed forms for the Apostol-Bernoulli polynomials by Hu, Su & Kim, Min-Soo
ar
X
iv
:1
50
9.
04
19
0v
6 
 [m
ath
.C
O]
  2
0 A
ug
 20
18
TWO CLOSED FORMS FOR THE APOSTOL-BERNOULLI
POLYNOMIALS
SU HU AND MIN-SOO KIM
Abstract. In this note, we shall obtain two closed forms for the Apostol-Bernoulli
polynomials.
1. Introduction
The Bernoulli numbers Bn are defined by the generating function
(1.1)
x
ex − 1
=
∞∑
n=0
Bn
xn
n!
= 1−
x
2
+
∞∑
n=1
B2n
x2n
(2n)!
, |x| < 2π
and the Bernoulli polynomials Bn(u) are defined by
(1.2)
xeux
ex − 1
=
∞∑
n=0
Bn(u)
xn
n!
, |x| < 2π.
Because the function x
ex−1 − 1+
x
2 is an even function, all of the Bernoulli numbers with
odd subscripts > 1 are zero. It is clear that B0 = 1 and B1 = −
1
2 (see [29]).
The Apostol-Bernoulli polynomialsBn(u, z) are natural generalizations of the Bernoulli
polynomials, they were introduced by Apostol in 1951 (see [1]) and were first named by
Luo in 2004 (see [14]). Their definitions are as follows,
(1.3)
(
x
zex − 1
)
eux =
∞∑
n=0
Bn(u, z)
xn
n!
,
where |x| < 2π when z = 1; |x| < |log z| when z 6= 1 (see [14]). In particular,
Bn(z) = Bn(0, z) are the Apostol-Bernoulli numbers. Letting z = 1 in (1.3), we ob-
tain the Bernoulli polynomials Bn(u) and Bernoulli numbers Bn, respectively.
As pointed out by Carlitz (see [2]), formula (3.3) of [1] leads to the result
zmBn(m, z)−Bn(0, z) = n
m−1∑
a=0
an−1za
which, for integer values of the variable u, gives a relation of the functions Bn(u, z)
with the Mirimanoff polynomials discussed by Vandiver in [36, p.504]. The Mirimanoff
polynomials are written in the form
(1.4) f (m)n (z) = 0
n + 1nz + 2nz2 + · · ·+ (m− 1)nzm−1,
where 00 = 1 (see [36, p. 504, Eq. (1)]). In [36], Vandiver also pointed out that the
Apostol-Bernoulli polynomials may also be tracked back to L. Euler’s classical work
“Institutiones calculi differentialis, (II) 487–491” published in 1755 [9]. In fact, if we
write
(1.5) Hn = Rn(z)/(z − 1)
n,
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here Rn(z) are the Euler polynomials defined by
(1.6)
R1(z) = 1,
R2(z) = 1 + z,
R3(z) = 1 + 4z + z
2,
R4(z) = 1 + 11z + 11z
2 + z3,
R5(z) = 1 + 26z + 66z
2 + 26z3 + z4,
· · · ,
then we have [36, p. 508, Eq. (19)]
(1.7) zr+1[(H − r)n − zHn = (−1)
n(z − 1)f (r+1)n (z),
where f
(r+1)
n (z) are the Mirimanoff polynomials (see Eq. (1.4) above). For the notations
and the details, we refer to Vandiver in [36, p. 507-508].
The Apostol-Bernoulli polynomials and numbers including their applications have
been widely studied by many authors. In 1950, Apostol [1] presented may fundamental
properties the Apostol-Bernoulli polynomials Bn(u, z), and obtained the recursion for-
mula for the Apostol-Bernoulli numbers Bn(z) using the Stirling numbers of the second
kind (see [1, p. 166, Eq. (3.7)] as follows
(1.8) Bn(z) = n
n−1∑
k=1
(−1)kk!zk(z − 1)−1−kS(n− 1, k), (n ∈ N0; Re(z) > 0; z 6= 1)
where S(n, k) denote the Stirling numbers of the second kind which are defined by means
of the following expressions (see [5, p. 207, Theorem B])
(1.9) xn =
n∑
k=0
(
x
k
)
k!S(n, k).
In 2000, by applying Lerch’s functional equation, Srivastava [31, p. 84, Eq. (4.6)] obtained
the following representations of the Apostol-Bernoulli polynomials Bn(u, z) at rational
points u = p
q
in terms of the Hurwitz zeta function
(1.10)
Bn
(
p
q
, e2πiξ
)
= −
n!
(2qπ)n
{
q∑
j=1
ζ
(
n,
ξ + j − 1
q
)
exp
[(
n
2
−
2(ξ + j − 1)p
q
)
πi
]
+
q∑
j=1
ζ
(
n,
j − ξ
q
)
exp
[(
−
n
2
+
2(j − ξ)p
q
)
πi
]}
,
where n ∈ N\{1}, q ∈ N, p ∈ Z and ξ ∈ R. In 2004, by applying binomial series expansion
and Leibniz’s rule, Luo obtained the following representation of the Apostol-Bernoulli
polynomials Bn(u, z) by the Gaussian hypergeometric functions [14, p. 510, Theorem 2.1]
(1.11)
Bn(u, z) = n
n−1∑
l=0
(
n− 1
l
)
zl(z − 1)−l−1
l∑
j=0
(−1)j
(
l
j
)
jl(u+ j)n−l−1
× 2F1(l − n− 1, l; l+ 1; j/(u+ j)),
where
(1.12) 2F1(a, b; c; z) :=
∞∑
n=0
(a)n(b)n
(c)n
zn
n!
, |z| < 1
and (z)n denotes the Pochhammer symbol which is defined by (z)0 = 1, (z)n = z(z +
1) · · · (z + n− 1) = Γ(z+n)Γ(z) , (n ∈ N). Luo’s formula (1.11) not only generalized Apostol’s
3formula (1.8) (see [14, p. 512, Remark 2.6]), but also led to the first known closed form
for the Apostol-Bernoulli polynomials as follows
(1.13) Bn(u, z) =
n∑
k=1
k
(
n
k
) k−1∑
j=0
(−1)jzj(z − 1)−j−1j!S(k − 1, j)un−k, (z 6= 1)
(see [14, p. 512, Remark 2.6]).
According to Wiki [35], “In mathematics, a closed-form expression is a mathematical
expression that can be evaluated in a finite number of operations. It may contain con-
stants, variables, certain ‘well-known’ operations (e.g., + − × ÷), and functions (e.g.,
nth root, exponent, logarithm, trigonometric functions, and inverse hyperbolic functions),
but usually no limit.”
Luo [19], Bayad [4], Navas, Francisco and Varona [28] investigated Fourier expansions
for the Apostol-Bernoulli and Apostol-Euler polynomials. Grag, Jain and Srivastava [10]
investigated the generalized Apostol-Bernoulli polynomials of higher order, which were
introduced and studied by Luo and Srivastava in [15, 16]. They derived an explicit repre-
sentation of these generalized Apostol-Bernoulli polynomials of higher order in terms of
a generalization of the Hurwitz-Lerch zeta function, and also established a functional re-
lationship between the generalized Apostol-Bernoulli polynomials of rational arguments
and the Hurwitz (or generalized) zeta function. Their results extended the classical ones
by Apostol [1] and Srivastava [31]. In [7], Choi, Jang and Srivastava presented an explicit
representation of the generalized Bernoulli polynomials in terms of a generalization for
the Hurwitz-Lerch zeta function. In [17], Luo defined the Apostol-Euler numbers and
polynomials of higher order. He also established many of their fundamental properties,
including several explicit formulas involving the Gaussian hypergeometric function and
the Stirling numbers of the second kind. He also deduced their special cases and ap-
plications that lead to the corresponding formulas of the classical Euler numbers and
polynomials of higher order. In [16], Luo and Srivastava derived several general prop-
erties and relationships involving the Apostol-Bernoulli and Apostol-Euler polynomials.
Their work generalized the properties and relationships involving the classical as well as
the generalized (or higher-order) Bernoulli and Euler polynomials obtained by Srivastava
and Pinte´r in [32] and Cheon in [6]. Furthermore, they also obtained several relation-
ships associated with the Stirling numbers of the second kind. In 2009, Luo [18, p. 380,
Theorem 2.1] obtained the following multiplication formulas for the Apostol-Bernoulli
polynomials of higher order
(1.14) B(α)n (mx, z) = m
n−α
∑
v1,v2,...,vm−1≥0
(
α
v1, v2, . . . , vm−1
)
zrB(α)n
(
x+
r
m
, zm
)
,
where r = v1+2v2+ · · ·+(m−1)vm−1. This generalized Carlitz’s multiplication formulas
for the Bernoulli polynomials of higher order (see [18, p. 381, Corollary 2.3]). Let
(1.15)
S(ℓ)n (m;λ) =
∑
0≤v1,v2,...,vm≤ℓ
v1+v2+···+vm=ℓ
(
ℓ
v1, v2, · · · , vm
)
λv1+2v2+···+mvm(v1 + 2v2 + · · ·+mvm)
n
be the λ-multiple power sums. In the same paper, Luo also gave the following representa-
tions of S
(ℓ)
n (m;λ) in terms of the Apostol-Bernoulli polynomials and numbers of higher
order [18, p. 382, Theorem 2.2]
(1.16) S(ℓ)n (m;λ) =
ℓ∑
j=0
(
ℓ
j
)
(−1)ℓ−jλmj+ℓ
(n+ 1)ℓ
n+ℓ∑
k=0
(
n+ ℓ
k
)
B
(j)
k (mj + ℓ, λ)B
(ℓ−j)
n+ℓ−k(λ),
where (n)0 = 1, (n)k = n(n+1) · · · (n+ k− 1). This generalized the following formula on
the representation of power sums in terms of the Bernoulli polynomials which obtained
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by J. Bernoulli in 1713
(1.17)
m∑
j=1
jn =
Bn+1(m+ 1)−Bn+1
n+ 1
(see [18, p. 383, Corollary 2.6]). Furthermore, Luo also proved the following recursive
formula for the Apostol-Bernoulli numbers of higher order in terms of the λ-multiple
power sums [18, p. 384, Theorem 2.3]
(1.18) mℓB(ℓ)n (λ)−m
nB(ℓ)n (λ
m) =
n∑
k=0
(
n
k
)
mkB
(ℓ)
k (λ
m)S
(ℓ)
n−k(m− 1;λ).
This generalized the following recursive formula for the Bernoulli numbers in terms of the
power sums which was obtained by Howard [11, p. 160, Eq.(6)] or Deeba and Rodriguez
[8, p. 424, Eq.(8)]
(1.19) (m−mn)Bn =
n∑
k=0
(
n
k
)
mkBkSn−k(m− 1)
(see [18, p. 384, Corollaries 2.7 and 2.8] and the remarks below). In [18], the parallel
results on the Apostol-Euler numbers and polynomials of higher order and the λ-multiple
alternating sums have also been presented (see [18, Theorems 3,1, 3.2 and 3.3]). For
example, [18, Theorem 3.2] extended the following Euler’s formula on the representation
of alternating power sums in terms of the Euler polynomials
(1.20)
m∑
j=1
(−1)j+1jn = −
(−1)mEn(m+ 1) + En(0)
2
(see [18, p. 388, Corollary 3.7]). In 2010, Luo [20] introduced the notions of λ-Stirling num-
bers of the second kind and gave many of its fundamental properties. He also obtained an
explicit relationship between the generalized Apostol-Bernoulli and Apostol-Euler poly-
nomials in terms of the λ-Stirling numbers of the second kind. In 2011, Srivastava [33]
gave a survey to many results on the generalizations of the classical Euler, Bernoulli, and
Genocchi polynomials. By collecting and studying the generating functions for each class
of polynomials, he also gave a unified exposition of relations between the polynomials
and highlighted their connections with relevant special functions. Using the λ-Stirling
numbers of the second kind, he derived several properties and formulas and considered
some of their interesting applications to the family of the Apostol-type polynomials. He
also gave a brief expository and historical account of the various basic (or q-) extensions
of the classical Bernoulli polynomials and numbers, the classical Euler polynomials and
numbers, the classical Genocchi polynomials and numbers, and also of their general-
izations to the above-mentioned families of the Apostol-type polynomials and numbers.
Furthermore, he also indicated many relevant connections of the definitions and results
presented in this survey with those in earlier as well as forthcoming investigations. In
[21], Luo and Srivastava introduced the notions of the Apostol-Genocchi polynomials of
higher order. They also established many fundamental properties of these polynomials,
including some explicit relationships with the Apostol-Bernoulli and Apostol-Euler poly-
nomials. They derived some explicit series representations of these polynomials in terms
of the Gaussian hypergeometric function and the Hurwitz (or generalized) zeta functions.
These results generalized the corresponding ones for the Genocchi and Euler polynomials
of higher order. Furthermore, using the λ-Stirling numbers of the second kind, they also
obtained several basic properties and formulas related to the family of the Apostol-type
polynomials. In [22], Luo derived the Fourier expansions and integral representations
for the Apostol-Genocchi polynomials. He obtained their formulas at rational arguments
in terms of Hurwitz zeta function and showed an explicit relationship with Gaussian
hypergeometric functions. These generalized many fundamental results on the classical
5Genocchi polynomials. In particular, the Euler’s famous formula
(1.21) ζ(2n) =
(−1)n−1(2π)2n
2(2n)!
B2n
has been derived in a different way. In 2012, Kim and Hu [12] obtained the sums of prod-
ucts identity for the Apostol-Bernoulli numbers which is an analogue of the classical sums
of products identity for Bernoulli numbers dating back to Euler. In [34], Srivastava, Kurt
and Simsek constructed the generating functions for several families of Genocchi type
polynomials, they defined a function which interpolates these polynomials at negative
integers by applying the derivative operator to these generating functions, they proved
a multiplication theorem for these polynomials, they also proved several other identities
and provided many applications associated with these and related polynomials and their
interpolation functions. In 2013, Lu and Luo [26] obtained several new properties of the
generalized Apostol-type polynomials, including the recurrence relations, the differential
equations and some other connected problems, which extended some known results. In
the same paper, many new properties on the generalized Apostol-Euler polynomials, the
generalized Apostol-Bernoulli polynomials, and Apostol-Genocchi polynomials of high
order have also been derived. In 2014, Luo [23] obtained the generating functions and
basic properties of the q-Apostol-Bernoulli and q-Apostol-Euler polynomials. He also
derived some relationships between the q-Apostol-Bernoulli and q-Apostol-Euler polyno-
mials which generalized some known results on the corresponding q-Bernoulli and q-Euler
polynomials. In the same paper, several formulas in series of q-Stirling numbers of the
second kind have also been derived. In [24], Luo obtained some further properties for the
q-Apostol-Euler polynomials, including Raabe’s multiplication theorem and alternating
sums representations for these polynomials. He also derived the q-extensions of some for-
mulas in [18]. Furthermore, he also obtained several formulas and relationships between
the q-Apostol-Euler polynomials, q-Apostol-Euler polynomials, and q-Hurwitz-Lerch zeta
functions. In 2015, Luo [25] introduced the elliptic analogues of the Apostol-Bernoulli and
Apostol-Euler polynomials. He also obtained the closed expressions of sums of products
for these elliptic type polynomials. In [27], Lu and Luo obtained further properties of
the Apostol-type polynomials, including a unified multiplication formula of these poly-
nomials, the explicit representations of these polynomials in terms of the Gaussian hy-
pergeometric function and the generalized Hurwitz zeta function. Their results extended
several previous known results by Luo, Garg, Srivastava, Ozden, and O¨zarslan etc.
Recently, Qi and Chapman [29] got two closed forms for Bernoulli polynomials. In this
note, we show that, different with [29], if directly applying the generating functions in-
stead of their integral expressions, then Qi and Chapman’s results [29, Theorems 1.1 and
1.2] may be generalized to other special functions. As a result, in addition to Luo’s for-
mula (1.13) above, we shall get the following two other closed forms for Apostol-Bernoulli
polynomials and numbers, which may be used to compute these special polynomials and
numbers in a finite number of steps.
Theorem 1.1. Suppose that z 6= 1. The Apostol-Bernoulli polynomials Bn(u, z) for
n ∈ N may be expressed as
(1.22)
Bn(u, z) = n
n−1∑
k=0
(−1)kk!
(z − 1)k+1
∑
r+s=k
∑
ℓ+m=n−1
(−1)s+m
(
n− 1
ℓ
)
× zr(1− u)ℓumS(ℓ, r)S(m, s).
Consequently, the Apostol-Bernoulli numbers Bn(z) for n ∈ N can be represented as
(1.23) Bn(z) = n
n−1∑
k=0
(−1)kk!
(z − 1)k+1
zkS(n− 1, k).
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Remark 1.2. Suppose that z 6= 1. Letting x = 0 in the both sides of (1.3), we get
B0(u, z) = 0 and B0(z) = 0. Since by (1.3), we have
d
dx
(
xeux
zex − 1
) ∣∣∣∣
x=0
=
∞∑
m=1
Bm(u, z)
xm−1
(m− 1)!
∣∣∣∣
x=0
= B1(u, z)
and
(1.24)
d
dx
(
xeux
zex − 1
)
=
eux
zex − 1
+ x
d
dx
(
eux
zex − 1
)
→
1
z − 1
as x→ 0, so B1(u, z) =
1
z−1 and B1(z) =
1
z−1 .
Remark 1.3. Eq. (1.23) recovers a formula by Apostol (see [1, Eq. (3.7)]), and recently,
Xu and Chen [37] provided another formula for the Apostol-Bernoulli numbers as follows,
Bn(z) = (−1)
n−1n
n∑
k=1
(k − 1)!
(z − 1)k
S(n, k)
(see [37, Theorem 4.1]).
Theorem 1.4. Suppose that z 6= 1. Under the conventions that
(
0
0
)
= 1 and
(
p
q
)
= 0 for
q > p ≥ 0, the Apostol-Bernoulli polynomials Bn+1(u, z) for n ∈ N may be expressed as
(1.25) Bn+1(u, z) =
(−1)n(n+ 1)
(z − 1)n+1
∣∣∣∣
(
ℓ
m
)[
z(1− u)ℓ−m − (−u)ℓ−m
]∣∣∣∣
1≤ℓ≤n,0≤m≤n−1
,
where |·|1≤ℓ≤n,0≤m≤n−1 denotes a n×n determinant. Consequently, the Apostol-Bernoulli
numbers Bn+1(z) for n ∈ N can be represented as
(1.26) Bn+1(z) =
(−1)n(n+ 1)
(z − 1)n+1
∣∣∣∣
(
ℓ
m
)
(z − δℓm)
∣∣∣∣
1≤ℓ≤n,0≤m≤n−1
,
where the Kronecker delta δℓm is 1 if the variables are equal, and 0 otherwise.
2. Bell polynomials
As in [29], our proofs are also based on following properties of Bell polynomials.
The Bell polynomials of the second kind Bn,k(x1, x2, . . . , xn−k+1) are defined by
(2.1) Bn,k(x1, x2, . . . , xn−k+1)
=
∑ n!
ℓ1! · · · ℓn−k+1!
(x1
1!
)ℓ1 (x2
2!
)ℓ2
· · ·
(
xn−k+1
n− k + 1!
)ℓn−k+1
,
where the sum is taken over all sequences ℓ1, . . . , ℓn−k+1 of non-negative integers such
that
ℓ1 + . . .+ ℓn−k+1 = k and ℓ1 + 2ℓ2 + · · ·+ (n− k + 1)ℓn−k+1 = n
for n ≥ k ≥ 0. See [5, p. 134, Theorem A].
Lemma 2.1 ([29, Lemma 2.1]). For n ≥ k ≥ 0, the Bell polynomials of the second kind
Bn,k meets
(2.2) Bn,k(x1 + y1, x2 + y2, . . . , xn−k+1 + yn−k+1)
=
∑
r+s=k
∑
ℓ+m=n
(
n
ℓ
)
Bℓ,r(x1, x2, . . . , xℓ−r+1)Bm,s(y1, y2, . . . , ym−s+1).
Lemma 2.2 ([5, p. 135], [29, Lemma 2.2]). For n ≥ k ≥ 0, we have
(2.3) Bn,k
(
abx1, ab
2x2, . . . , ab
n−k+1xn−k+1
)
= akbnBn,k(x1, x2, . . . , xn−k+1),
where a and b are any complex numbers.
7Lemma 2.3 ([5, p. 135, Theorem B, [3g]]). For n ≥ k ≥ 0, we have
(2.4) Bn,k(1, 1, . . . , 1︸ ︷︷ ︸
n−k+1
) = S(n, k).
3. Proof of Theorem 1.1
Set
m(x) = x, g(x) =
zex − 1
eux
and f(y) =
1
y
,
then we have
h(x) = m(x)(f ◦ g)(x) =
xeux
zex − 1
which is the generating function of the Apostol-Bernoulli polynomials (1.3). Thus by
(1.3), we have
(3.1)
dn+1
dxn+1
h(x)
∣∣∣∣
x=0
= Bn+1(u, z).
On the other hand, since
(3.2)
g(x) =
zex − 1
eux
= ze(1−u)x − e−ux
= z
∞∑
m=0
(1− u)m
m!
xm −
∞∑
m=0
(−u)m
m!
xm
→ z − 1
and
(3.3)
g′(x) = z
∞∑
m=1
(1− u)m
(m− 1)!
xm−1 −
∞∑
m=1
(−u)m
(m− 1)!
xm−1
→ z(1− u)− (−u),
g′′(x) = z
∞∑
m=2
(1− u)m
(m− 2)!
xm−2 −
∞∑
m=2
(−u)m
(m− 2)!
xm−2
→ z(1− u)2 − (−u)2,
...
g(n−k+1)(x) = z
∞∑
m=n−k+1
(1− u)m
(m− (n− k + 1))!
xm−(n−k+1)
−
∞∑
m=n−k+1
(−u)m
(m− (n− k + 1)!
xm−(n−k+1)
→ z(1− u)n−k+1 − (−u)n−k+1
as x→ 0.
In terms of the Bell polynomials of the second kind Bn,k, the Faa` di Bruno formula
for computing higher order derivatives of composite functions is described in [5, p. 139,
Theorem C] by
(3.4)
dn
dxn
(f ◦ g)(x) =
n∑
k=0
f (k)(g(x))Bn,k
(
g′(x), g′′(x), . . . , g(n−k+1)(x)
)
(see also [29, p. 93, (3.1)]).
By the integral expression (1.3) and (3.3), applying the formula (3.4) to the functions
f(y) =
1
y
and y = g(x) =
zex − 1
eux
,
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we have
(3.5)
dn
dxn
(f ◦ g)(x) =
n∑
k=0
f (k)(g(x))Bn,k
(
g′(x), g′′(x), . . . , g(n−k+1)(x)
)
=
n∑
k=0
(−1)kk!
(g(x))k+1
Bn,k
(
g′(x), g′′(x), . . . , g(n−k+1)(x)
)
→
n∑
k=0
(−1)kk!
(z − 1)k+1
× Bn,k
(
z(1− u)− (−u), z(1− u)2 − (−u)2, . . . , z(1− u)n−k+1 − (−u)n−k+1
)
as x→ 0 and
(3.6)
dn
dxn
(f ◦ g)(x)
∣∣∣∣
x=0
=
n∑
k=0
(−1)kk!
(z − 1)k+1
∑
r+s=k
∑
ℓ+m=n
(
n
ℓ
)
× Bℓ,r
(
z(1− u), z(1− u)2, . . . , z(1− u)ℓ−r+1
)
× Bm,s
(
−(−u),−(−u)2, . . . ,−(−u)m−s+1
)
(by (2.2))
=
n∑
k=0
(−1)kk!
(z − 1)k+1
∑
r+s=k
∑
ℓ+m=n
(
n
ℓ
)
× zr(1− u)ℓBℓ,r(1, 1, . . . , 1︸ ︷︷ ︸
ℓ−r+1
)
× (−1)s(−u)mBm,s(1, 1, . . . , 1︸ ︷︷ ︸
m−s+1
)
(by (2.3))
=
n∑
k=0
(−1)kk!
(z − 1)k+1
∑
r+s=k
∑
ℓ+m=n
(
n
ℓ
)
× zr(1− u)ℓS(ℓ, r)(−1)s(−u)mS(m, s)
(by (2.4)).
Thus by Lebnitz’s formula for the nth derivative of the product of two functions (see [39,
p. 210, Example 24]), we have
(3.7)
dn
dxn
h(x) =
dn
dxn
m(x)(f ◦ g)(x)
=
n∑
i=0
(
n
i
)
(f ◦ g)(x)(n−i)m(x)(i)
= x
dn
dxn
(f ◦ g)(x) + n
dn−1
dxn−1
(f ◦ g)(x)
(since m(x) = x)
→ n
n−1∑
k=0
(−1)kk!
(z − 1)k+1
∑
r+s=k
∑
ℓ+m=n−1
(
n− 1
ℓ
)
× zr(1 − u)ℓS(ℓ, r)(−1)s(−u)mS(m, s)
(by (3.6))
as x→ 0. Then by comparing (3.1) with (3.7), we get our result.
Finally, letting u = 0 in (1.22), we obtain (1.23).
94. Proof of Theorem 1.4
Let µ = µ(x) and ν = ν(x) 6= 0 be differentiable functions. Set
dn
dxn
(µ
ν
)
=
(−1)nwn
νn+1
at every point ν(x) 6= 0. By [3, p. 40], we have
(4.1) wn =
∣∣∣∣∣∣∣∣∣∣∣∣∣
µ ν 0 0 · · · 0
µ′ ν′ ν 0 · · · 0
µ′′ ν′′ 2ν′ ν · · · 0
...
...
...
...
...
...
µ(n−1) ν(n−1)
(
n−1
1
)
ν(n−2)
(
n−1
2
)
ν(n−3) · · · ν
µ(n) ν(n)
(
n
1
)
ν(n−1)
(
n
2
)
ν(n−2) · · ·
(
n
n−1
)
ν′
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
As in [29, p. 94–95, the first proof of Theorem 1.2], we may reformulate the formula (4.1)
as
(4.2)
dn
dxn
(µ
ν
)
=
(−1)n
νn+1
∣∣A(n+1)×1 B(n+1)×n∣∣(n+1)×(n+1) ,
where the matrices
A(n+1)×1 = (aℓ,1)0≤ℓ≤n =


µ
µ′
µ′′
...
µ(n−1)
µ(n)


and
B(n+1)×n = (bℓ,m)0≤ℓ≤n,0≤m≤n−1
=


ν 0 0 · · · 0
ν′ ν 0 · · · 0
ν′′ 2ν′ ν · · · 0
...
...
...
...
...
ν(n−1)
(
n−1
1
)
ν(n−2)
(
n−1
2
)
ν(n−3) · · · ν
ν(n)
(
n
1
)
ν(n−1)
(
n
2
)
ν(n−2) · · ·
(
n
n−1
)
ν′


satisfy
aℓ,1 = µ
(ℓ)(x) and bℓ,m =
(
ℓ
m
)
ν(ℓ−m)(x)
under the conventions that ν(0)(x) = ν(x) and that
(
ℓ
m
)
= 0 and ν(ℓ−m)(x) ≡ 0 for ℓ < m
(see [29, (3.2) and (3.3)]). If we let
(4.3) µ(x) = 1, ν(x) =
zex − 1
eux
,
then in this case, the aℓ,1 becomes
(4.4) a0,1 = 1, aℓ,1 = 0 for ℓ ≥ 1
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and the bℓ,m becomes
(4.5)
(
ℓ
m
)
ν(ℓ−m)(x) =
(
ℓ
m
)
dℓ−m
dxℓ−m
(
zex − 1
eux
)
=
(
ℓ
m
)
dℓ−m
dxℓ−m
(
ze(1−u)x − e−ux
)
=
(
ℓ
m
)
dℓ−m
dxℓ−m
(
z
∞∑
k=0
(1 − u)kxk
k!
−
∞∑
k=0
(−u)kxk
k!
)
=
(
ℓ
m
)(
z
∞∑
k=ℓ−m
(1− u)kxk−(ℓ−m)
(k − (ℓ −m))!
−
∞∑
k=l−m
(−u)kxk−(ℓ−m)
(k − (ℓ−m))!
)
→
(
ℓ
m
)[
z(1− u)ℓ−m − (−u)ℓ−m
]
, x→ 0
for 0 ≤ ℓ ≤ n and 0 ≤ m ≤ n−1 with ℓ ≥ m. Thus, as in [29, p. 95, the first proof of The-
orem 1.2], by (4.2), (4.4) and (4.5), we have
(4.6)
dn
dxn
(µ
ν
)
=
(−1)n
νn+1
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 b0,0 0 0 · · · 0
0 b1,0 b1,1 0 · · · 0
0 b2,0 b2,1 b2,2 · · · 0
...
...
...
...
...
...
0 bn−1,0 bn−1,1 bn−1,2 · · · bn−1,n−1
0 bn,0 bn,1 bn,2 · · · bn,n−1
∣∣∣∣∣∣∣∣∣∣∣∣∣
=
(−1)n
νn+1
|bℓ,m|1≤ℓ≤n,0≤m≤n−1
→
(−1)n
(z − 1)n+1
∣∣∣∣
(
ℓ
m
)[
z(1− u)ℓ−m − (−u)ℓ−m
]∣∣∣∣
1≤ℓ≤n,0≤m≤n−1
as x→ 0. Then again by Lebnitz’s formula for the n-th derivative of the product of two
functions (see [39, p. 210, Example 24]), we have
(4.7)
dn+1
dxn+1
(
xeux
zex − 1
)
=
dn+1
dxn+1
(
x
(µ
ν
))
=
n+1∑
i=0
(
n+ 1
i
)(µ
ν
)(n+1−i)
x(i)
= x
dn+1
dxn+1
(µ
ν
)
+ (n+ 1)
dn
dxn
(µ
ν
)
→ (n+ 1)
dn
dxn
(µ
ν
)
=
(−1)n(n+ 1)
(z − 1)n+1
∣∣∣∣
(
ℓ
m
)[
z(1− u)ℓ−m − (−u)ℓ−m
]∣∣∣∣
1≤ℓ≤n,0≤m≤n−1
(by (4.6))
as x→ 0. Thus, by comparing (3.1) with (4.7), we obtain (1.25).
Finally, letting u = 0 in (1.25), we obtain (1.26).
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